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Isoperimetric Inequalities and Magnetic
Fields at CERN

Brett McInnes

Abstract. We discuss the generalisation of the classical
isoperimetric inequality to asymptotically hyperbolic
Riemannian manifolds. It has been discovered that
the AdS/CFT correspondence in string theory requires
that such an inequality hold in order to be internally
consistent. In a particular application, to the systems
formed in collisions of heavy ions in particle colliders,
we show how to formulate this inequality in terms of
measurable physical quantities, the magnetic field and
the temperature. Experiments under way at CERN in
Geneva can thus be said to be testing an isoperimetric
inequality.

1. The Isoperimetric Inequality and its

Generalisations

The notion that there must be some universal

inequality relating the volume of a finite region

in space, and (a suitable power of) the area of the

boundary of that region, has intrigued mathemati-

cians since antiquity [1]: one speaks of isoperimet-

ric inequalities. One of the most important devel-

opments in recent theoretical physics has been the

realisation, beginning with Juan Maldacena’s cel-

ebrated 1997 worka [2], that there is also a certain

(extremely deep) relation between the physics in

certain regions of space, and the physics on the

boundary of that region. The two relations, one

in geometry, the other in (sometimes surprisingly

concrete) physics, are themselves related: and this

is the theme of the present work.

In the simplest case, the isoperimetric inequal-

ity states the following. Let L be the length of a

simple closed curve in the plane, and A be the

area it encloses. Then

A ≤
1

4π
L2, (1)

with equality holding if and only if the curve is a

circle. A useful way of re-stating this is as follows.

Consider a circle of circumference L, containing an

area A; then A = 1
4πL2. Now continuously distort

the circle in such a way that the circumference

remains equal to L: the result is always to decrease

the area below 1
4πL

2.

aThis paper has now been cited over 11000 times.

As with so many familiar facts in mathematics,

it is worth while to stop for a moment and reflect

on how extraordinary this simple relation really

is. What it is saying is that, by knowing something

about the boundary, one immediately knows something

about what is happening deep inside, perhaps very far

from the boundary: one cannot have a vast area

lurking inside a small boundary. That is far from

obvious, and imaginative people [3] have often

entertained other possibilities.

Indeed, it is easy to see that, if we allow arbi-

trary geometries, then no isoperimetric inequality

is possible: we just have to imagine that the

interior is made of (mathematical) rubber, which

we can distort to any size without changing the

length of the boundary. One obtains the inequality

(1) only by using the fact that the geometry is

planar. This seemingly trivial constraint on the ge-

ometry must be deeper than it looks: the internal

consistency of planar geometry somehow implies

that only those pairs (A, L) which satisfy (1) are

possible.

In other, non-planar geometries, analogues of

the isoperimetric inequality can still exist, but

they often take quite different forms to (1). For

example, consider a four-dimensional space with

Cartesian topology and coordinates (r, t, x, y), in

which distances are measuredb according to the

metric

g = dr2
+ e2r/ρ

(

dt2
+ dx2

+ dy2
)

, (2)

where ρ is a certain positive constant. Now con-

sider a finite domain 0 ≤ r ≤ R, 0 ≤ t ≤ T,

0 ≤ x ≤ X, 0 ≤ y ≤ Y, and consider the

subspace defined by r = R: think of it as the three-

dimensional boundary of this four-dimensional

domain. (That is, ignore the “sides” and focus on

the outer surface.) The “volume” of this boundary

(it is usually called the “area” of this “surface”,

bReaders who are not familiar with the details of Riemannian
geometry are invited to interpret this formula in the obvious
way: that is, dr represents a “small” change in r, and so on,
and the formula itself is a straightforward generalisation of
Pythagoras’ theorem.

n Memory of Professor Peter Gavin Hall 
(1951–2016)

In the past, the Abel Prize, which is generally regarded as 
the mathematician’s Nobel Prize, has usually been awarded 
for a life-time of achievements. This year (2016), however, 
it is awarded singularly for the solution by Andrew Wiles 
of a 350-year-old problem in number theory that has, 
until 1995, resisted all manner of attacks. And somewhat 
belatedly too — 20 years after its solution and long after 
more than 10 awards and prizes have already been 
bestowed on Wiles. The problem in question (“Fermat’s 
Last Theorem”) has a chequered and dramatic history. It 
has arguably attracted the largest number of wrong proofs 
from amateur and professional mathematicians alike. It is 
probably the first mathematical problem for which solution 
a huge prize was offered (long before the million-dollar 
Millenium prize problems were proposed). The great 
German mathematician David Hilbert once referred to 
that problem as a goose that laid the golden eggs because 
he could use the interest from the unclaimed prize money 
to invite mathematicians to Göttingen. Other than these 
financial eggs, various earlier attempts to solve it had laid 
mathematical eggs that hatched and spawned new ideas 
and areas in algebra and geometry.

Recently, there was much publicity on the efforts of a 
group of mathematicians to unravel the 500-page work 
of Shinichi Mochizuki of Kyoto University. They had 
gathered at the Mathematics Institute of Oxford University 
in December 2015 to conduct a workshop to understand 
a new theory (called “Inter-Universal Teichmüller Theory” 
by its originator) that purports to lead to, among other 
important consequences, a proof of another hard problem 
known as the “abc conjecture” about integers and their 
prime divisors.  If a strong effective form of the abc 
conjecture is correct, then a short and easy proof of 
Fermat’s Last Theorem can be given, in contrast with 
the famously difficult proof of Andrew Wiles. In the 
meantime, there is still no consensus on the correctness of 
Mochizuki’s work, anyway not until a second workshop to 
be held in the Research Institute for Mathematical Sciences 
in Kyoto in July 2016. 

This issue features a short article on the geometric 
connections of magnetic fields and a somewhat long 
expository survey of some unexpected ramifications of knot 
theory. It also highlights two well-known mathematicians 

and their work — Yum-Tong Siu of Harvard University and 
Ramalyengar Sridharan of Tata Institute of Fundamental 
Research. In a lighter vein, two of our Iranian colleagues 
share their thoughts on how to get your paper rejected, 
surely and inevitably. 

We would like to express our sadness on the premature 
passing of a dear and beloved friend, Professor Peter Gavin 
Hall of University of Melbourne on January 9, 2016 after 
a long battle with leukemia. As you may have read in 
earlier issues of this newsletter, he took time to interview 
his Australian colleagues (J Hyam Rubinstein, Gustav Isaac 
Lehrer, Anthony John Guttmann, Ian Hugh Sloan) and to 
contribute some deep and insightful interview articles. We 
would like to dedicate this issue to his memory. We will 
miss him dearly.

Y K Leong
Editor
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